EXISTENCE THEORY FOR HARMONIC METRICS

JEREMY TOULISSE

These are the notes of a talk given by the author in Asheville at the
workshop “Higgs bundles and Harmonic maps” in January 2015. It aims
to sketch the proof of the famous Corlette-Donaldson Theorem which gives
the existence of a harmonic metric on flat G-bundles associated to reductive
representation.

Let G be a complex semi-simple Lie group and ¥ a genus g > 1 closed
oriented surface. We define the character variety Z(3, G) as the quotient
of reductive homomorphisms Hom"™ (71 (), G) by the action of G by con-
jugation. For each complex structure on X, the non-abelian Hodge theorem
provides a parametrization of the character variety Z(X, G) by the moduli
space of poly-stable G-Higgs bundles.

The proof of the non-abelian Hodge theorem contains two main steps. The
first one, often called the Corlette-Donaldson theorem, gives the existence
of a harmonic metric in the gauge orbit of the flat G-bundle associated to a
(conjugacy class of) representation p : m1(X) — G as soon as p is reductive.
The second step, called the Hitchin-Kobayashi correspondence, relates G-
Higgs bundles satisfying Hitchin equations to poly-stable G-Higgs bundles.

From now on, we will restrict ourselves to the case G = SL,(C). The
proofs and statements in the general case are very similar. However, the
SL,(C) case allows to work in the category of vector bundles and not in the
category of principal G-bundles, and simplifies the objects. People familiar
with the theory of principal G-bundles would not have difficulties in trans-
lating the statements and proofs in the language of principal G-bundles.

These notes have been written using the following articles and books:
[Cor88, ES64, Ham75, LWO08| and the very good survey [Wenl2].

Acknowledgement: I would like to thank all the participants to the
workshop for interesting remarks. I would also thank the organizers and
GEAR for the invitation.

1. MODULI SPACE OF FLAT CONNECTIONS

Let E — X be a rank n complex vector bundle over ¥ whose first Chern
class is 0 (equivalently, the determinant bundle is topologically trivial).

Definition 1. A connection on E is a C-linear map
V: QY% E) — QY% B),
satisfying the Leibniz rule
V(fs)=df ® s+ fVs,

where s € Q°(X, E) and f € Q).
1
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Denote by % the space of connections on ¥ which induce the trivial one on
the determinant bundle (this condition corresponds to representation into
SL,(C)). Note that the difference between two connections Vi, Vg € € is
tensorial, that is

(Vo =V1)(fs) = f(V2 = Vi)(s),
for s € Q9(3, E) and f € Q°(X). In particular, Vo — Vy € QY(X, Endy(E))
(where Endg(F) is the bundle of traceless endomorphisms of F) and so €
is an affine space modelled on Q!(X, Endg(F)).

Definition 2. Given a connection V € €, one can associates its curvature
Fy :=V AV € Q*(, Endy(E)).
A connection is flat when Fy = 0.
Denote by %y C € the subspace of flat connections.
Definition 3. The gauge group is
q: = {gecQ'%, End(E)), detg =1}
= Q%%,SL,(C)).
We have an action of ¢ on % by conjugation. Note that, one easily checks

that for g € 4 and V € ¢,

Fg.V = gFVgil'

In particular, ¢ preserves %.

Proposition 1. We have a canonical identification between Hom(mi (%), SL,(C))
and 6o/9 .

Proof. Given p € Hom(m(X), SLy(C)), one can construct a rank n complex
vector bundle E, — X as follow:

E, =% x C"/m (%),

where 3 is the universal cover of ¥ and the action of m(X) on & x C™ is
given by v.(z,v) = (v, p(y)v) (where vz is the action of v € 71(X) by deck
transformation on f)) The canonical connection on % x C" descends to a
flat connection V, on E,. In particular, the first Chern class of E, vanishes
and E, is homeomorphic to E.

Now, given a flat connection V € %, a closed smooth path 7 : [0,1] — X,
and a basis B of E, ), one can consider the basis B’ obtained by parallel
transport of By along v. It follows that B and B’ are two basis of the same
vector space which differ by a unique g, € SL,(C). By flatness of V, gp 4
only depends on the homotopy class of v in 71(X). It follows that we can
define a map

holy p : m(X) — SL,(C),
which associates to an homotopy class of closed path < the element gg ., of
the above construction. Note that if B’ is another basis, holy g’ is conjugate
to holy p. So we get the holonomy map

hol : V. —s Hom(71 (%), SL,(C)) /SLy(C).

Moreover, we check that two gauge equivalent flat connections give rise
to the same class of holonomy representation. U
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We finish this section with a definition:

Definition 4. A flat connection V € 6y on E is reductive if any V-
invariant subbundle has a V-invariant complement. A representation p €
Hom(m1(X), SLn(C)) is reductive if its associated flat connection is reduc-
tive.

2. HARMONIC METRICS
Let p:m(X) — SL,(C) and E = E,,.
Definition 5. Let h be a hermitian metric on E. A connection d4 is uni-
tary if for each sections s1 and so of E,
d(s1, s2)n = (daS1,52)n + (s1,das2)n,

here (., .} is the hermitian product h.

In order to define harmonic metrics, we need an interpretation of hermit-
ian metrics in terms of equivariant maps. Set

D := SL,(C)/SU(n) = {positive hermitian matrices M with det M = 1}.
We have an action on SL,(C) on D given by
g-M = (g~ ")"Mg~".

Proposition 2. A hermitian metric on E is equivalent to a p-equivariant
map

u:Y — D,
that is @ map satisfying u(yz) = (p(7)~1) " u(@)p(y)~L.
Proof. Let u be such a map and s be a section of E seen as an p-equivariant
map s : 3 — C™. Define

[sllu(z) == (s(z), u(z)s(z))cn-
We easily check that

[l (va) = (p(n)s(@), (p(1) 1) ul@)s(@))er = [Isla(z)-

So ||s]|2 is p-invariant and descends to a function over X.

On the other hand, let h be a hermitian metric on E and take s; and
s2 two sections of E. Take z € ¥, z € ¥ and choose s; : (¥) — C" two
p-equivariant maps representing s;. It follows that there exists a u(Z) € D
so that

(s1(x), s2(2))n = (51(F), u(Z)s2(T))cn-

As the right hand side is p-invariant,

(s1(7), u(z)s2())cr = (p(7)51(2), u(yz)p(7)s52(T))Cn-
It follows that u(x) = p(v)*u(yZ)p(y), and so u is p-equivariant. O
Note that D carries an invariant metric (the Killing metric), and we

denote by V the associated Levi-Civita connection. So, given a metric
g on Y, one can define the energy of a Hermitian metric u € T/Vpl’2(27 D)
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(the Sobolev space of p-equivariant map admitting a weak differential in L?)
by:

1
Ep(u) := 2/2 \|du|*dv,.

Here, du € F(T*f) ® u*TD), the norm of du is taken with respect to the
product metric and dv, is the area form associated to g. Note that the
integral is well-defined as ||dul|? is p-invariant and so descends to a function
on X.

Remark 1. The energy of u only depends on the conformal class of g. So
the energy of a hermitian metric u can be defined for each complex structure
on X.

Definition 6. A harmonic metric is a €2 p-equivariant map u : Y —D
which is a critical point of the energy functional.

We would like a local description of harmonic metrics. Given a p-equivariant
map u, one can associate its tension field

7(u) := dydu,
where dg is the dual of the covariant derivative of forms with value in v*T'D.
Proposition 3. Let 9 = %h&:out where (ut)ier 18 a smooth path of p-

equivariant maps with ug = u. We have the following:

o Sotu) = [ (. v,

where (.,.) is the scalar product with respect to the pull-back by u of the
Killing metric on D.

Proof. Note that we have %| —odur = dyp. It follows that
d d 1
— & = — = dul|*d
dt [t=0 plur) dttoZ/M” ullFdv,

— [ tdvw,duyas,
¥

= [t dgdud,
O

Corollary 1. A €2 p-equivariant map u is a harmonic metric if and only

if T(u) = 0.
We are now ready to state the main theorem:

Theorem (Corlette-Donaldson-Labourie). The following are equivalent:

(1) The 9-orbit of a flat connection A admits a harmonic metric.
(2) The representation pa € Hom(m X, G) is reductive.

Note that this theorem provides an identification, when fixing a complex
structure on X, between the moduli space of flat reductive connections and
the moduli space of harmonic bundles.
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3. PROOF
(1) = (2)

Suppose u is a harmonic metric and p is not reductive. Let F; C E be an
V-invariant sub-bundle and let E5 its orthogonal complement. Denote by
n; = dim E;. The flat connection V decomposes as follow (using the metric

u):
o Al /8 o _ dA1+\Ill B
A‘<0 AQ)_dAJ“‘I’_(o da, + Uy

where 8 € Q%(X, Hom(FE1, E3)) is called the second fundamental form, the
da, are unitary and ¥; € Q'(X,isu(n;)). One easily checks that

A THET
(i)

Ep(u) = 1912 = [[ 01| + [[W2]* + [IB]I*.
Let § = (_nQ)\El Dnig, € Lie(9). Let

and that

u = exp(t&)u.
We obtain
1@ = ([0 + (|2 + =72 8.
But, as u is harmonic

(2) = (1)

, %|t:0”\yt” = 0, so # = 0 which gives a contradiction.

3.1. Definitions and notations. Let (M, g) be a Riemannian manifold
and F — (M, g) be a complex vector bundle equipped with a hermitian
metric. For n,{ € I'(E), one defines the scalar product

<77a €>E = /M(Uag)dvg‘

Recall that the metric on F induces a covariant derivatives on forms with
value in F that we denote

dy :T(E) —T(T"M @ E).
For k € NU{oo} and « € (0,1), we define the following vector spaces:
- €*(E) = {sections of E which are ¢*}
- 6F(E) = {n € €*(E), so that n has compact support}
- Ra(B) = {n € €X(E), dyy € €O(T" M) © E))
- LX(E) = {n € I(B), |Inll} == (n,7)E < +oo}.
- LP(E) := {n € T(E), [y |InllP < 400}
- WkP(E) = {n € LP(E), Vi=1,...k, dbn € LP((T*M)® ® E)}
- W'l]f)f = {nel(F), VK C M compact ,nx € Wk’p(E|K)}.

Remark 2. When E is the trivial vector bundle, we denote these spaces by
LP(M)... They identify with spaces of functions over M.
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Given n € LP(E), we define:

1/p
Inllze = ( / HnH”dvg) |

k
71150 = lldnl| 7o
=0

and for n € WkP(E),

With these norms, LP(E) and W"P(E) are Banach spaces. Note that in
the definition of W*P(E), we only assume that the i-th covariant derivative
exists in a weak sense (that is in the sense of distributions). We recall the
Sobolev embedding Theorem

Proposition 4. (Sobolev Embedding Theorem) Wi ™"P(E) c €3*(E) for

loc
all o € <0,k - %) (where m = dim M ).

Also, we recall the multiplication law for Sobolev spaces:

Proposition 5. (Multiplication Law) If % — 150, then Wk’p(M) is a

P loc
Banach algebra (that is, the multiplication of functions in I/Vlocp(M) are in
Wit (M)).

3.2. Gradient flow for harmonic maps. Let u : Y — D be a p-
equivariant map so that du € L*(T*X®u*T D) (we say that u € W,}’2(E, D)).
We define the following equation for v : M x I — D:

Ly 2T

where u; = u(.,t).
Note that, if a solution u(., t) exists for some ¢, then it is also p-equivariant.
In a coordinates system, this equation looks like:
(1) (O — A)u? = Fgc(ut)vugvug
u('v 0) = u
where I'j, are the Christoffel symbols of D and A is the Laplace-Beltrami
operator on (M, g).

Short time existence.

Short time existence for the gradient flow of harmonic maps with bound-
ary has been proved by R. Hamilton [Ham75]. The proof is based on a
Implicit Functions Theorem. It consists in proving that the equation

(2) (O —A+aV+0b)f =g,

where a and b are smooth and g € LP(X x [0,%]) (for some to > 0) al-
ways admits a unique solution f € W2P(X x [0,t0]) (with good boundary
conditions). In other words, the operator

L: W2P(2x[0,t])) — LP(X x [0,t0])
— (O — A)f+bVf+cf

is an isomorphism.
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We look for a solution of equation (1) of the form uw = up + v where
up is a fixed smooth function satisfying the boundary conditions and v €
W2P(X x [0,t0]). Let P : W2P(X x [0,t0]) — LP(X x [0,t]) the operator
defined by

P(v) = Oy(up +v) + 7(up + v).

The differential of P at 0 has the form of equation (2) and so is an
isomorphism. By the Implicit Function Theorem for Banach spaces, P maps
a neighborhood U of 0 in W2P(3 x [0,t]) to a neighborhood V' of P(up) in
LP(X x [0, 10]).

For € > 0 small enough, the function f equal to 0 for ¢ € [0, €) and equal
to P(up) for t € [e,tp] will be in V. It follows that there exists a function
v € U so that P(up +v) = f. It means that u, + v will be solution of
equation (1) for ¢ € [0, ¢€).

Remark 3. As it is often the case for non-linear parabolic equations, we
can prove in this case that if the mazximal time existence Tiq. for a solution
to equation (1) is finite, then

lim ||[Vu| = +o0.

— max

Long time existence

To prove the long time existence for the gradient flow, we only need to
get a uniform bound on [|[Vu|| (it is a consequence of Remark 3) where wu
is a solution of equation (1). At this point, the curvature of the target space
plays an important role. In fact, the energy density e; = 3||duy||? satisfies
the so-called Bochner-Eells-Sampson formula (see [ES64]):

(8,5 - A)@t == —||Vdut||2 - RiCX(dUt, dut) + RD(dUt, dut,dut, dut),

where Ricx is the Ricci curvature tensor of X and Rp is the Riemann
curvature tensor of D. As D is a symmetric space of non-compact type,
Rp < 0. Moreover Ricy is bounded from below. It follows that e; satisfies

(615 — A)et g C’et,

for some C' > 0. We say that e; is a subsolution of the heat equation.
Now, we use the classical Moser’s Harnack inequality for subsolutions of
the heat equation:

Proposition 6. (Moser’s Harnack inequality) Let (M,g) a Riemannian
manifold and v : M x [0,T] — R be a non-negative function. If there exist
(w0,t0) € M x[0,T] and R > 0 so that for all (z,t) € B(xg, R) X [to — R?, 0]
(where B(xo, R) is the radius R ball centred at xy) we have

(0 — A)v < Co, for C >0,
then there exists a C' > 0 so that

to
v(xo, to) < C”R_(m+2)/ / v(z, s)dvgds.
s=to—R? B(I07R)

Here m =dim M.
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Applying this to e(xg, ty) for (zg,tg) € ¥ x [1,Tax) and R < 1, we get

to

et(zo,to) < C"R_4/ / e(x, s)dvgds
s=to—R? J B(z0,R?)
to

< C'R™ & (us)ds

s=to—R2
But, note that, as u satisfies equation (1), we have
d
4 8u) = ()P

and so .
&u) = Ew) ~ [ 1) s
In particular & (u;) < &(up) and .
er(zo, tg) < C’R_zéa(uo).
For ¢ € [0, 1], consider the function
a(.,t) = exp(—Ct)e(.,1).

Such a function satisfies
(8t — A)CL S 0.

Using the maximum principle, we get that a(x,t) < max a(z,0), and so
xEe

e(z,t) < Juolle” < [ugle®.

In particular, the norm of the gradient of w; is uniformly bounded and
solution to the gradient flow exists to all time.

Convergence to a solution
As &(ur) = & (uo) —fol |7 (us)||?ds < 0, there exists an unbounded increas-

ing sequence (n;);eny C Rso so that the sequence (u;);eny where u; = uy,
satisfies
L2
T(uz) — 0.

It follows that (u;);en is a sequence of p-equivariant Lipschitz map with
uniformly bounded Lipschitz constant.

0,1
Proposition 7. If p is irreducible, then u; L Uso Where U 15 p-equivariant.

Proof. We claim that as p is irreducible, u; is bounded. In fact, let p € ¥
and suppose that h; := u;(p) is not bounded (see h; as a determinant one
matrix). Choose a sequence (€;);eny C Rsq so that €;h; — hoo # 0. Let
V := Ker(hs). Note that V is a proper subspace of C" (because V # C"
as hoo #0 and V # 0 as det hoo = 0).

We claim that V is stable by p(71(X)). In fact, let g~! := p(7), and
v € V. As the u; are p-equivariant, d(u;(p), u;(p)g~') is uniformly bounded
as so is [(hjv, w) — (h;gv, gw)| for all w € C". Tt follows that

[(€ihiv, w) — (€higv, gw)| — 0.
As v eV, we get that (hoogv, gw) = 0 for all w € C™ and so gv € V. O
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It follows that (u;);en converges to a weak solution of the harmonic equa-
tion.

We want to prove that u. is a strong solution. We have that u, satisfies
(in the weak sense)

Auly + T (Uoo) Viioou? Vs, = 0.

50,1 Wl’l7 ~
As u; 7, Uso, then u; —%5 s for all p > 1. Hence Vul_, Vus, € LF (%)

loc
and so Vul VuS, € Lfo/f(Z). It follows that Aul, € Lfo/f(E) and so, by
Schauder estimates,

ug, € VVZ2O’5/2(§]) for all p > 1.
As ul € VVlzocp(i) then Vul_, Vus, € I/Vllocp(i) For p >0, 3 — % > 0, the

multiplication law implies that Vul Vus, € WLP(2) and so ul, € WP(%).

Finally, by Sobolev Embedding Theorem, we get that u? € %2(5) and
SO Uso 1S a harmonic metric.
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