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Definition (Gromov). If x € Hx(X;R) is a singular homology

class, define
Il = inf {3~ Jail: Y @iy € x}

This is a seminorm. If M is an orientable n-manifold, let
[M] € H,(M;R) denote its fundamental class, and define
(M| = [[[M]|].

Pessimists might expect ||M|| to always be 0, but clearly it is a
topological invariant, and has these important properties:

o If f: X — Y and x € Hi(X) then ||x|| > ||f(X)]].
e |f M and N are orientable n-manifolds and f : M — N has
degree n then ||M|| > n||N]|].

Theorem (Gromov). If M is an orientable hyperbolic
n-manifold then ||M|| = vol M /v,, where v, is the volume of a
regular ideal hyperbolic n-simplex.
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Measure homology

W. Thurston improved on Gromov's definition by inventing a
variant which makes the proof of Gromov's Theorem clean and
elegant. It required a new homology theory.

Definition. A measure k-chain on a CW-complex X is a
compactly supported, signed Borel measure of bounded total
variation on the space C(Ag, X).

So an ordinary smooth k-chain is a special case of a measure
k-chain, where the measure is a weighted sum of Dirac masses
supported on a finite set of singular simplices.

If we let C,(X) denote the abelian group of measure k-chains,
this gives an inclusion ¢y : Ci(X) = Ck(X).
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Let ¢; : Ax_1 — Ay denote the face inclusions, which induce
¢ 0 CH(Ak, X) = CHAk—1, X). For a measure k-chain u, define
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This makes C, into a chain complex and ¢ into a chain map.
Write the homology groups as H.
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Measure homology

Let ¢; : Ax_1 — Ay denote the face inclusions, which induce
¢ 0 CH(Ak, X) = CHAk—1, X). For a measure k-chain u, define

BOn(1) =D (—1)(¢7)x(k)-

i
This makes C, into a chain complex and ¢ into a chain map.
Write the homology groups as H.

Define the total variation of a measure-chain as
||| = sup {/gp,: lg(o)] <1 foralloe Cl(Ak,X)}.

Define a seminorm on Hy by ||x|| = inf {||u]| : u € x}.

We still have:

e If f: X = Y and x € Hy(X) then ||f.(x)|] < [|x]|.
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Theorem (C. Loh, 2006). For any connected CW-complex X,
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Hi(X) = Hi(X) which is an isometry with respect to their
seminorms.

(Isomorphism was proven in 1998, independently by Hanson and
Zastrow.)
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Theorem (C. Loh, 2006). For any connected CW-complex X,
the inclusion v : C(X) — C«(X) induces an isomorphism

Hi(X) = Hi(X) which is an isometry with respect to their
seminorms.

(Isomorphism was proven in 1998, independently by Hanson and
Zastrow.)

We may identify [M] with ¢([M]) and define ||M|| = |[[M]||, where
now [M] € H,(M). This is Thurston's definition of Gromov's
norm, and the two definitions are equivalent by Loh's Theorem.

In particular,

e |f M and N are orientable n-manifolds and f : M — N has
degree n then ||[M|| > n||N||.
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To work with measure chains we need to know that the usual
pairing (i.e. integration) between k-chains and k-forms extends
to measure chains. Here is the definition. If u is a measure
k-chain and w is a k-form,

wor=f([<)

That is, we integrate the function o — fgw using the measure w.
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To work with measure chains we need to know that the usual
pairing (i.e. integration) between k-chains and k-forms extends
to measure chains. Here is the definition. If u is a measure
k-chain and w is a k-form,

wor=f([<)

That is, we integrate the function o — fgw using the measure u.

e If wand u' are measure k-cycles then [u] =[] if and only if
(1, w) = (U, w) for all closed k-forms w.

e If M is a Riemannian n-manifold and w is a measure n-cycle
then [u] = ({(u, dV')/ vol M)[M].
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Straightening

From now on M =H"/I" is a hyperbolic manifold, and
p : H" — M the universal covering projection.

Suppose o : Ax — H" is a singular simplex. The points

o(vo), ..., o(vk) span a hyperbolic k-simplex Ay. There is a
canonical map S(o) : Ax — As which preserves barycentric
coordinates. There is a homotopy from ¢ to S(o), constant on
the vertices. (S(o) is the straightening of ¢.)

Suppose 0 : A — M is a singular simplex. Lift it to
G : Ag — H". Define:

S(o) = po S(5).

Let Sk(M) C Cx(M) denote the measures supported on the image
of S. Since S commutes with the boundary map, S.(M) is a
chain sub-complex. The map u — S.(u) is a chain-homotopy
inverse to the inclusion.



Gromov's Theorem — easy direction
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theorem of Haagerup and Munkholm, proved after Gromov's
proof for n = 3. So now we can do this for n-manifolds)
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Gromov's Theorem — easy direction

Straightening gives the easy direction of Gromov's Theorem.

We need the key geometrical fact that the regular ideal
tetrahedron is the unique hyperbolic tetrahedron of maximal
volume. (In H we have a volume formula. In H” this is a
theorem of Haagerup and Munkholm, proved after Gromov's
proof for n = 3. So now we can do this for n-manifolds)

Choose € Sp(M) with [u] = [M]. Since [u] = [M] we know
(4, dV) = vol M, so

Voll\/l:<u,dV>:/</UdV> .

But w is supported on straight simplices, for which
[, dV =vola(A,) < v,. Since vol M < v,||u|| for any
w € Sp(M) with [u] = [M]; it follows that vol M < v,||[M]]].
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There is a natural action of Isom H" on C(A,, M):

Ifo: A, — Mand v € lsom H", lift 0 to ¢ : A, — H"” and
define

Y-0=poyod.

The stabilizer of a singular simplex is " = 71 (M). So an orbit is
identified with IsomH"/I", which is an SO(n)-bundle over M.

If o : Ay — M is a singular simplex, define Smear(c) to be the
measure chain supported on the orbit of o, with the measure
which is locally the product of +dV on an open set in M with the
unit mass Haar measure on the SO(n)-fibers. (Use + if o is
positively oriented, — if it is negatively oriented.)

In particular, ||Smear(c)|| = vol M for any singular simplex o.
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Gromov's Theorem — tricky direction

Let 0 : A, — M be a straight positive singular simplex and let v,
denote the volume of its image hyperbolic simplex. If
p = Smear(o) then

(u,dV>:/</UdV>u:va/p,:vc,voll\/l.

Of course Smear(o) is not a cycle. However, let & be the simplex
obtained by composing o with reflection in one of its faces.
(Orient & negatively). Notice that each oriented face of ¢ is
mapped to an oriented face of & by a hyperbolic rotation.

This implies ¥ = Smear(o) — Smear(G) is a cycle!

Moreover, since X is supported on two disjoint orbits,
[|Z]| = 2vol M. Since (£, dV) = (v5 — (—V5)) vol M, we have
[¥] = 2vo[M]. Therefore ||M|| < =l _ _ oM

2Vy Vo

But we may take v, arbitrarily close to v,, so vol M > ||M|]|v,.
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homotopy equivalent to M» then 1 is conjugate to 5 in
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Mostow Rigidity

Gromov used his theorem to give a simple proof of Mostow's
Rigidity Theorem.

Theorem (Mostow). Suppose My = H"/I7 and My = H"/ I
are closed orientable hyperbolic n-manifolds with n > 2. If My is
homotopy equivalent to M» then 1 is conjugate to 5 in
IsomH", and hence My is isometric to Ms.

Start with a homotopy equivalence f : My — M>. Lift f to
f:H" — H". Say an n+ 1-tuple of points on SZ_ is regular if
they span a regular ideal n-simplex.

e Show f is a quasi-isometry, and deduce that f extends
continuously, giving fo, : S2 — S2.. (See Munkholm.)

e Show that 7 sends regular 4-tuples to regular 4-tuples.

e Show that this condition on INCOO implies that f is an isometry.
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Suppose ?Oo maps the vertices of a regular ideal simplex A to the
vertices of an irregular ideal simplex A/, with vol A’ < v,, — 2e.
Take a sequence oy of straight (non-ideal) simplices with vertices
tending to the ideal vertices of A.
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Mostow Rigidity — step2

Suppose ?OO maps the vertices of a regular ideal simplex A to the
vertices of an irregular ideal simplex A/, with vol A’ < v,, — 2e.
Take a sequence oy of straight (non-ideal) simplices with vertices
tending to the ideal vertices of A.

Let ux = 3Smear(ox) and fix = Smear(Gx). We know that
[k — B] = (/,, dV)/vp)[Mi], and hence that
[S*f*(/.l,k — ﬂk)] — [/\//2] as k — oo.

There is an open set U C Isom;H" so that, for all g € U, and all
sufficiently large n, volS o f(g - ox) < v, — €. Thus

(Sufitbi, dV) < pu(U)(vn —€) + (; vol My — u(U)) Vi,

Since vol My = vol M> by Gromov's theorem, this gives
(Sifi(uk — k), dV) < vpvol My — u(U)e, contradicting that
[Sefi(pk — Bi)] — [Mo].



Mostow Rigidity — step 3

We know that f,, sends regular (n + 1)-tuples to regular

(n+ 1)-tuples. We will show that f,, is a Mobius transformation.
Since the action of I is determined by its action on S2,, this
implies that /7 is conjugate to /5 in IsomH".
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We know that f,, sends regular (n + 1)-tuples to regular

(n+ 1)-tuples. We will show that f,, is a Mobius transformation.
Since the action of I is determined by its action on S2,, this
implies that /7 is conjugate to /5 in IsomH".

Take a regular ideal simplex A in H". Consider the group
generated by reflections in the sides of A. The orbit of A is a
tesselation of H" by regular ideal tetrahedra. The vertices are
dense in S2..

Let g be the Mobius transformation that agrees with f, on the
vertices of A. Since f, takes regular (n + 1)-tuples to regular
(n+ 1)-tuples, f agrees with g on the vertices of each simplex in
the the tesselation.

Thus f» agrees with g on a dense set of S®. Since fu is
continuous, it is equal to g.



Mostow Rigidity — step 3

We know that f,, sends regular (n + 1)-tuples to regular

(n+ 1)-tuples. We will show that f,, is a Mobius transformation.
Since the action of I is determined by its action on S2,, this
implies that /7 is conjugate to /5 in IsomH".

Take a regular ideal simplex A in H". Consider the group
generated by reflections in the sides of A. The orbit of A is a
tesselation of H" by regular ideal tetrahedra. The vertices are
dense in S2..

Let g be the Mobius transformation that agrees with f, on the
vertices of A. Since f, takes regular (n + 1)-tuples to regular
(n+ 1)-tuples, f agrees with g on the vertices of each simplex in
the the tesselation.

Thus f» agrees with g on a dense set of S®. Since fu is
continuous, it is equal to g.

Quiz: Where did we use n > 27



Answer

In dimension n > 2 there are exactly 2 regular ideal n-simplexes
having a given regular ideal (n — 1)-simplex ® as a face. The
reflection through ¢ takes one of these n-simplexes to the other.
So there is a unique way to extend the regular ideal simplex A to
a tesselation of H" by regular ideal simplexes.

In dimension 2, every ideal 2-simplex is regular. There are
uncountably many ways to extend the regular ideal simplex A to a
tesellation of H? by regular ideal 2-simplexes.

So, if n =2, we could not conclude that f, agrees with g on the
vertices of each simplex in the tesselation.



Extensions of Gromov's Theorem

Theorem (W. Thurston). Suppose My and M, are orientable
hyperbolic 3-manifolds and f : My — M has non-zero degree d.
If vol My = |d|vol My then f is homotopic to a covering map of
degree d.

This involves extending the argument to the situation where f. is
only a measurable function.



Extensions of Gromov's Theorem

Theorem (W. Thurston). Suppose My and M, are orientable
hyperbolic 3-manifolds and f : My — M has non-zero degree d.
If vol My = |d|vol My then f is homotopic to a covering map of
degree d.

This involves extending the argument to the situation where f. is
only a measurable function.

Thurston also defined a relative Gromov norm, which he used to
show:

Theorem (W. Thurston). If My is a non-compact orientable
hyperbolic 3-manifold of finite volume, and M, is obtained by
Dehn-filling at least one cusp of My then vol My > vol M.
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Margulis’ Lemma

Suppose I is a discrete subgroup of H3. For x € H3 set
I(€) = {v € Isom H3| dist(x, v - x) < €}
Lemma (Special case of Margulis’ lemma). There exists a

constant €q with the following property:

e IfI" < Isom, TH?3 is a discrete group and x € H® then
(I'x(€0)) Is virtually nilpotent.

If I is torsion-free, i.e. if H3/I is a manifold, the discrete,
torsion-free, virtually nilpotent subgroups of I are actually
abelian. There are three types:

e Cyclic groups generated by a loxodromic isometry;
e Cyclic groups generated by a parabolic isometry;
e Rank 2 free abelian groups generated by two parabolics.

The middle case can not arise if H3/I" has finite volume.
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manifold M is the set of points p € M such that there is a
geodesic loop of length < € based at p. The e-thick part is
Mie.oo)y =M = Mg
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Thick and thin

Definition. The e-thin part Mg ¢ of an orientable hyperbolic
manifold M is the set of points p € M such that there is a
geodesic loop of length < € based at p. The e-thick part is
Mie.oo)y =M = Mg

Suppose x € M(o,e]: and let X be a lift of x to H3. Then there
exists v € [ such that dist(X, v - %) <e.

For G C IsomH3, define
C(G) = {x € H?: dist(%X, g-X) < e for some g € G}.
If G = 7Z is generated by a loxodromic isometry, then C¢(G) is a

banana (or empty). In this case C,(G)/G is a geometric tubular
neighborhood of a geodesic.

If G = 7?2 is generated by parabolic isometries, then C.(G) is a
horoball and C.(G)/G is a cusp neighborhood.

So, if M has finite volume and € < € then Mg g is a union of
cusp neighborhoods and tubes around short geodesics.
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such that every orientable hyperbolic 3-manifold M with

vol M < C is constructed by Dehn-filling some cusps of one of
the /Vl,‘.



Jgrgensen’s Theorem

Theorem (Jgrgensen). For each C > 0 there exists a finite set
{My, ..., My} of finite-volume orientable hyperbolic 3-manifolds
such that every orientable hyperbolic 3-manifold M with

vol M < C is constructed by Dehn-filling some cusps of one of
the /Vl,‘.

The idea is that there are only finitely many possible
homeomorphism types for M(N,OO) when volM < C. If xq,..., Xn
are points of M, o) with dist(x;, x;) > w then the balls B(x;ju/2)
are pairwise disjoint, so n < C/v where v = vol B(xju/2). If
{x,..., Xp} is maximal then every point of M, ) is within
distance 2u of some x;. Thus there is a Delaunay “triangulation”
of M, 00) With a bounded number of cells. (Lifted to H>, the
3-cells are convex hulls of sets of > 4 points that lie on a sphere
containing no lifts of x; in its interior.



Well-ordering

The proof of Thurston’s hyperbolic Dehn-filling theorem implies:

Let M be an orientable finite-volume hyperbolic 3-manifold. Fix a
set of cusps of M. For any € > 0, all but finitely many manifolds
M’ obtained by Dehn-filling these cusps have

| vol M — vol M| < €.
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Well-ordering

The proof of Thurston’s hyperbolic Dehn-filling theorem implies:

Let M be an orientable finite-volume hyperbolic 3-manifold. Fix a
set of cusps of M. For any € > 0, all but finitely many manifolds
M’ obtained by Dehn-filling these cusps have

| vol M — vol M| < €.

Theorem. The set of volumes of orientable hyperbolic
3-manifolds forms a well-ordered subset of R, and there are only
finitely many distinct manifolds with each volume.

Suppose vol My > vol My > ---. By passing to a subsequence we
may assume each M, is constructed by Dehn-filling of a given set
of cusps of a manifold M. By Gromov's Theorem we have

vol M > vol M, for all n. Thus

| vol M — vol M| > | vol M — vol M| for all n > 1. Contradiction.



