EXERCISES FOR HIGGS BUNDLE COURSE

ANDREW SANDERS

1) Let S be the universal cover of S and let p : S — S be the covering
map. Given a group homomorphism p : 71(5) — G, show that m;(S) acts
on S x G and that the quotient by this action (denoted S x p G) can be
viewed as the total space of a G—bundle over S.

Show that the bundle has local trivializations over an atlas of open sets
{Uqy C S} for which the transition functions on non-empty intersections
Uap = UaNUg are locally constant maps gag : Uag — G. That is, show that
S x, G defines a flat bundle (or local system).

Solution: Let sp € S and select v € 71(5,s0). Define the action of

71(S, s0) on S x G via the formula:

v (5,9) = (75 p(7)9).

This action is free and properly discontinuous since the action of 71 (.S, s¢)
on S is free and properly discontinuous. Hence, S x,G is a smooth manifold
and the map

SxG—8x » G
is a smooth submersion. We must show that there is a smooth, proper, free
action of G on the right of S x, G such that the quotient by this action is
diffeomorphic to S.
Observe that given ¢’ € G, a right G—action on S x G is defined by
(5,9) 9" = (5. 99).
This action descends to a smooth right G—action on S x » G by virtue of the
fact that the projection map

§><G—>§><pG

is a smooth map. Furthermore, this right action of G on S x » G is proper
since the right action of G on itself has this property. Now, define a map

W:gxpG—MS

via the formula 7 (s, g) = p(s). It is immediate that this map is well defined.
Next,

m(3,9) = n(t,h)
if and only if

for some € 71 (S, s0).
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Observe that,

(t,h) - b p(v)g = (v-5,p(7)9) = (5, 9)

in S x » G and so G acts transitively on each fiber of the map 7. G also acts
freely on the fiber since the right action of G on itself is free. Lastly,

(v-5.9) -9 ' p(Mg=(v-5,p(7)9) = (5,9)

which proves that the quotient of S x » G by the right action of G is exactly
S and the projection map

Sx,G—S%x,G/G=S5

coincides with the map 7 defined above. This completes the proof that
S x p G is the total space of a principal G-bundle over S.

We will now construct the flat structure on this bundle. Choose a trivi-
alizing atlas for the universal covering given by a good open cover U, (i.e.
each U, simply connected) and local sections s, : U, — S.If UsNUg # 0
and connected, then s, = y,853 for some v,5 € 71(S5, sg). This allows us to
define local trivializations,

Uy : Uy x G — 8 x,Glu,

by the formula

Vao(z,9) = (sa(), 9)-
If x € Uy, N Ug, then we have the competing local trivialization

Vs(x,9) = (sp(x), 9)-
But, in the bundle S X, G we have the identities

(5a(2),9) = (Yapss (), 9) = (s5(x), p(vas) "' 9).
Thus the transition functions ¥, ! o W4 take the form
V.o Ws(x,9) = (2, 0(Vas)9).

This is independent of the x € U, N Ug where we assumed U, N Ug is
connected. Thus, the transition maps

gap : UaNUg = G

defined by gag(x) = p(vap) define a flat structure on S X, G.

10) Let V' — X be a vector bundle given by local trivializations
Uy : Uy xR" = Vg,
and transition functions
9ap : Ua NUg — GL(n, R).
Let s : X — V be a global section of V' defined by the local sections

Sq : Uy — Uy x R™.



EXERCISES FOR HIGGS BUNDLE COURSE 3

Show that in general the locally defined R"-valued 1-forms {ds,} do not
defined a global section of V' @ T* X, but that they do so if the transition
functions are locally constant.

Solution: Write each local section as an n-tuple of smooth functions

sa(@) = (@, 84(@), . s1(2)).
Then we have the identity
Sa(®) = gog;(@)sh(2)
where the right hand side is summed over the repeated index j. Applying
the d operator and using the Leibniz rule we obtain,

d(se) = d(gas;) s + Gapid(sh)-
Provided the transition functions are locally constant, the first summand on
the left hand side vanishes leaving

d(sh) = ghgd(sh).
This is precisely the transformation rule for a global section of V ® T*X.
This locally defined operator extends to give a globally defined operator
V:I'(V) - T(VeTX)

which defines a covariant derivative on the bundle V. The fact that dod =0
translates into the fact that the curvature of this connection V is identically
zero. Hence, we see that a flat bundle defined via locally constant transition
functions gives rise to a vector bundle with a flat connection.



